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Abstract. In this paper, we establish bilinear and gradient bilinear Strichartz 
estimates for Schrodinger operators in 2 dimensional compact manifolds with 
boundary. Using these estimates, we can infer the local well-posedness of cubic 
nonlinear Schrodinger equation in H" for every s > ^ on such manifolds. 

1. Introduction and Results 

Let (M, g) be a Riemannian manifold of dimension ri > 2. Consider the Schrodinger 
equation 

(1.1) Dtu + AgU^O, u{0,x) = f{x) 

where Ag denotes the Laplace-Beltrami operator on manifold and Dt = i~^dt- 
Strichartz estimates are a family of dispersive estimates on solutions u{t, x) : [0, T] x 
M — !■ C which state 

(1-2) \\u\\lp{[Q,T];Li(M)) < C\\f\\H=(M) 

where H'^ denotes the Sobolev space over M, and 2 < p,q < oo satisfies 

2 71 tx 

- + - = - ^ (2,2,oo). 

p q 2 

In Euclidean space, one can take T = oo and s = 0; see for example Strichartz [52], 
Ginibre and Velo [14|, Keel and Tao [16] and references therein. Such estimates 
have been a key tool in the study of nonlinear Schrodinger equations. In the case 
of compact manifolds (M, g) without boundary Burq, Gerard and Tzvetkov [llj 
proved the finite time scale estimates (1.2) for the Schrodinger operators with a 
loss of derivatives s = ^ in their estimates when compared to the case of flat 
geometries. 

In the case of compact manifolds with boundary, one considers Dirichlet or Neu- 
mann boundary conditions in addition to (1.1) 

u(^, a;) Iqm = (Dirichlet), or A'^j; • Vu(<, a;)|aAf = (Neumann) 

where denotes the unit normal vector field to dM. Here one excepts a further 
loss of derivatives due to Rayleigh whispering galley modes. Recently, Anton [4] 



The author would like to thank Christopher Sogge for suggesting the problem and numerous 
helpful discussions during this study. He would also like to thank Matthew Blair for many helpful 
discussions. 



2 



JIN-CHENG JIANG 



showed that the estimates (1.2) hold on general manifolds with boundary if s > ^ 
which arguments of 4 work equally well for a manifold without boundary equipped 
with a Lipschitz metric. Then Blair, Smith and Sogge |5j built estimates (1.2) with 
a less loss of derivatives s = ^ in manifolds with boundary. 

Write u = e'*^/ as the solution of p.ip with initial data /. We consider bilinear 
estimates for the Schrodinger operators in compact manifolds of the form 

(1.3) ||e^*^/e^*^<?|U2([o,i]xAf) < C(min(A,r))^«||/|U2(M)||g||L^(M) 

where A, T are large dyadic numbers, and /, g are supposed to be spectrally localized 
on dyadic intervals of order A, T respectively, namely 

^a<\/^<2a(./') = / ' ^r<\/^<2r(.9) ~ 9- 
Here Ia<V^a<2A denotes the spectral projection operator 

E ^^■/= E /e^ ' 

A<Aj<2A A<Aj<2A "^^-^ 

while {A|} and {ej} are eigenvalues and corresponding eigenfunctions of — Ag. Such 
kind of estimates were established and used on Schrodinger equation on manifolds 
with flat metric; see Klainerman-Machedon-Bourgain-Tataru [T7], Bourgain [6J and 
Tao [23] and reference therein . Then Burq, Gerard and Tzvetkov [T^] established 
the bilinear estimates in sphere and ZoU surfaces with sq > j. In the cases of sphere 
and ZoU surfaces [H] , due to the good locations of eigenvalues for the Laplacian, 
the bilinear Strichartz estimates are reduced to bilinear spectral cluster estimates. 
For general manifolds, our poor knowledge of spectrums does not allow us to use 
the same technique. One of our main results here is showing that by considering the 
endpoint of admissible pairs for the Schrodinger operator and using the parametrix 
construction, we can get the bilinear Strichartz estimates for general 2 dimensional 
manifolds, though the estimates are not known to be sharp. 

Consider Strichartz estimates on manifolds with boundary obtained by Blair, 
Smith and Sogge [5]. When n — 2, {p,q) = (4,4) is admissible, so we have 

||e**^/|lL4([04]xM) < C'll/ll_fi-i/3(M)- 

Using Littlewood-Paley theory, let /a = Ia<v/^a<2a(/)' ^^^^ equivalent to say 
||e'*'^/A|lLi([o,i]xAf) < CA^^^\\f\\\L2(^M) holds for all dyadic number A, which is 
implied by bilinear estimates p.3p with sq = §• However we would establish the 
following estimates with sq > |. 

Theorem 1.1. Let [M,g) be a 2 dimensional compact manifold with boundary. 
For any f,gE L'^{M) satisfies 

Ia<v^<2a(/) = / Ir<V^<2r(.9) = .9- 
Then for any sq > f ; there exists a C > such that 

(1.4) ||e'*^/e^*^5llL^([o,i]xM) < C(min(A, r))^° ||/|U.(m) |lff|lL^(Af). 

Remark 1.2. Our proof of Theorem I 1 . 1 l ean be simplified to get the bilinear Strichartz 
estimates with sq > 5 in 2 dimensional compact manifolds without boundary. 
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For compact manifold with boundary, Anton proved (|1.3p and the following 

(1.5) |!(Ve'*^/)e'*^5l!L^([o,i]xAf) < CA(min(A,r))^°||/||i2(M)||5l|L^(Af) 

with So > ^ on three dimensional balls with Dirichlet boundary condition and 
radial data. She used the same idea as [12], thanks again the good locations of 
eigenvalues for the Laplacian in such setting. Using (|1.3p and p.Sp with Sq > ^ , 
she proved the local well-posedness of cubic nonlinear Schrodinger equation with 
Dirichlet boundary condition and radial data in ff* for every s > ^ on three 
dimensional balls. In order to build the corresponding estimates in our case, we 
need more results from harmonic analysis besides the parametrix construction of 
solutions for the free equation. There are two different cases. If the gradient 
operator is acting on the solution has initial data being localized to the larger 
frequency, then we can exploit the boundedness of Riesz transform (see [TH]) on 
L^(M) , then apply the Hormander multiple theorem (for manifold with boundary, 
see [27]) to get the desired result. For the other case, we make use of Xu's [27] 
estimates for the gradient spectral cluster operators. Following by an argument 
concerning the finite propagation speed of solutions to the wave equation (see for 
example [3T], [57] ), then we can control the norm from the estimates of gradient 
spectral cluster operators by a L°° norm, thus return to the parametrix construction 
argument again. 

Our gradient bilinear Strichartz estimate is the following. 

Theorem 1.3. Let {M,g) be a 2 dimensional compact manifold with boundary. 
For any f,gE L'^{M) satisfies 

Ia</=a<2a(/) = ./ Ir</=A<2r(5) = 9- 
Then for any sq > |, there exists a C > such that 

(1.6) ||(V,(e^*^/))e^*^5lU^([o,i]xM) < CA(min(A, F))^" ||.g||L^(A/) 

After we establish (jl.4p and (|1.6p to solutions of p.ip satisfying either Dirichlet 
or Neumann boundary conditions for the general 2 dimensional compact manifolds 
with boundary, we will follow Anton's |3] argument to prove local well-posedness 
property in our setting. 

We consider the following Cauchy problem in 2-dimensional compact manifolds 
with boundary: 

idtu + Au = ajMpu, in M x M 
u|t=o = Mo, on M 

u\dM = (Dirichlet), (or) Nx • Vu|aM = (Neumann) 

where a = ±1. When a = 1, the equation is defocusing. When a = —1, the 
equation is focusing. We consider the local well-posedness property of (|1.7p . 

Definition 1.4. Let s be a real number. We shall say that the Cauchy prob- 
lem (|1.7p is uniformly well-posed in H^{M) if, for any bounded subset B of H'^{AI), 
there exists T > such that the flow map 
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is uniformly continuous when the source space is endowed with H'^ norm, and when 
the target space is endowed with 

\MctH- = SUpiti<T\\u{t)\\H'(M) 

Our discussions in the following focus again in 2 dimensional case. For manifolds 
without boundary, we only consider first two equations of ()1.7|) . The first result 
was due to Bourgain [9 who built the local wcU-posedness result in for s > on 
the flat torus. Recently, Burq, Gerard and Tzvetkov [IJ use Strichartz estimates 
to establish local well-posedness of cubic nonlinear Schrodinger equation in H'^{M) 
for s > i on 2 dimensional manifold without boundary. In 12* they proved the 
local well-posed property in H^{AI) for s > -j on sphere and ZoU surface by using 
the bilinear Strichartz estimates (|1.3[) with sq > j. 

For manifolds with boundary, it is natural to except a more loss of derivatives 
due to Rayleigh whispering galley modes. In the case of domains of the local 
well-posedness for ()1.7|) with Dirichlet boundary condition and s = 1 were proved 
by Anton [3]. On the other direction, Burq, Gerard and Tzvetkov [TU] built an 
illposedness result on a disc of M^, for s < ^. 

Our result is the following. 

Theorem 1.5. // {M,g) is a 2 dimensional manifold with boundary, then the 
Cauchy problem ()1.7p is uniformly well-posed in H^{M) for every s > |. 



We start with the proof of Theorem ll.il The Laplace-Beltrami operators on M 
will take the following form in local coordinates 



Assume Ia<v^<2a(/) = / > \<V^<2A9) = g and A < F. Then 

2) 11'=**'^/ e**'^5lU2([o,l]xM) < ||w||L~([0,l];i=(M))||u||L2([0,l];i°=(A/)) 

^ \\9\\l-^{m))\\u\\l-^{[o,i];L°°{m)), 

where we have used the conservation of mass for the free Schrodinger operator in 
the last inequality. 

We define Sobolev spaces on M using the spectral resolution of P, 



By elliptic regularity (e.g [ [13], Theorem 8.10]) the space H" coincide with the 
Sobolev spaces defined using local coordinates, provided < s < 2. 



2. Reductions 



n 



(2.1) 




II/IIh^m) - \\{DpYf\\LHM) , {Dp) - (1 - P)^ 
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By conservation law of free Schrodinger operator which is equivalent to 

(2-3) ll"llL2([0,l];i~(A/)) ^ I|A''u||l~([o,1];_H-1(M)) 

Although (2, 2, oo) is not Schrodinger admissible, we should see that once we localize 
both time and frequency we can still get desired type of Strichartz estimates. 

We work in boundary normal coordinates for the Ricmannian metric gij that 
is dual g^^ of ()2.ip . Let X2 > define the manifold M, and xi is a coordinate 
function on dM which we choose so that dx^ is of unit length along dM. In these 
coordinates, 

ff22(a;i,a;2) = 1 gii(a;i,0) = l 5i2(a;i, 2:2) = 

We now extend the coefficient g^^ and p in an even manner across the boundary, 
so that 

5"(a;i,-X2) = g'^^{xi,X2) p{xi,-X2) = p{xi,X2)- 

The extended functions are then piecewise smooth, and of Lipschitz regularity 
across X2 = 0. Because g is diagonal, the operator P is preserved under the reflec- 
tion X2 — > —X2- Eigenspaces for the extended operator P decompose into symmetric 
and antisymmetric functions; these correspond to extensions of eigenfunctions for 
P satisfying Dirichlet (resp. Neumann) conditions. These eigenfunctions are of 
C^'^ across the boundary. The Schrodinger flow for P is thus extended to P. 

Hence matters reduces to considering the Schrodinger evolution on the manifold 
without boundary with Lipschitz metrics. And we have to show 

ll'"l|L2([0,l],i°°(A/)) ^ l|A''u||L~([Oa];Hi(M)) 

By taking a finite partition of unity, it suffices to prove that 

ll'0"l|L2([oa];L°°(R2)) < ||A''u||loo([o_i];H1(A/)) 

for each smooth cutoff tJj supported in a suitably chosen coordinate charts. We will 
choose coordinate charts such that the image contains the unit ball, and 

Wg'^ - %l|Lip(Si(0)) < Co , \\p - 1||lip(Bi(0)) < Co 

for Co to be taken suitably small. We take tp supported in the unit ball, and assume 
and p are extended so that the above holds globally on M^. 

We denote u = Uk to address that it's frequency being localized to A = 2*^, the 
estimates we need is now 

IIV'Wfc||L2([o,l];i°°(R2)) ^ W^'' Uk\\L°° {[0,1]- HHM))- 

Let {(3j{D)}j>o be a Littlewood-Paley partition of unity on M", and let Vj = 
Pj{D){ipUk) , — {2^Yvj , then we will see that it is equivalent to show that for 
each j, 

(2.4) hML- ^ \W,\\LrHi + {'i'r-"'\\{Dt + P)v,\\LrLi) 

is true, where the norm is taken over {t^x) — [0, 1] x M? . Note that for any e > 
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Here e can be absorbed by s in (|2.4p . thus we only have to deal with \\vj\\ instead 
of pi^VjW in (I2a . 

On the other hand, 

ll^'jllL°=([0,l];ifi(K'')) ^ ™in{(2-')||u*||ioo([o,i]:L2(R2)), (2^ ) ~ ^ || || 2,00 ([q^i] 2 (r2)) } 

< niin{(2-')^ + ''||Mfc||ioo([o,i];L2(M)), (2^)"^^''||ufe||L~([0,l];H2(Af))} 

To sum up |lw||lL5^ffi over j, we dominate those terms with j < fc by the first 
term inside minimum bracket, dominate those terms with j > k by the second 
term inside minimum bracket. The series is then bounded by a finite sum plus 
a geometric series. So the summation over j of first terms in the right hand side 
of (12. 4p is bounded by 

(2'')^+''||ufc||ioo([o,i].L2(jv/)) + (2'')^^ + ^||ufe||Loo([o,l]:ff2(jv/)) < i'2''y\\uk\\L°°{[Q^i]-H^M)) 

~ l|A''Ufe||ioo([o,i];Hi(M)) 

For the second term in the right hand side of (12. 4p , we note that for a Lipschitz 
function a, [PjiD),a] : H"-^ ^ H" , s = 0, 1. Hence [P, l3j{D)^l:] : L^, by 

Coifman-Meyer commutator theorem (see also Proposition 3.6B of [26]). Therefore 
we have 

(2-5) ||(A + -P)Wj|U°=([0,l];i2(M^)) ^ ll'"fe|l-L°°([0,l] HHM))- 

Furthermore, we claim that the following estimate is also true 

(2-6) ||(A + -P)i^j||l~([o,i];L2(m2)) < 2^||ufe||ic»([o,i] l2(m)) 

First, we truncate the coefficients of P to frequencies less than some small constant 
times 2^ = rj and denote the new coefficients and operator by g'^ and Pj respectively. 
Note that the localized coefficients satisfy — g,y | < 2^^ . Thus 
(2.7) 

IK^i ^ ^)^illL°°([0,l];i^(R^)) ^ "^^ ll^illL°°([0,l];L2(R2)) ^ 2^^ lkfe|lL°=([0,l];L2(M)) ' 

Combine this with 

ll(A + -P)i'jIIl°=[0,1];L2(m2) 

< \\{Dt + ^j)^jllLoc[oa];L2(R2) + ^ -^j)"jllL^[oa];L2(R2) ; 

we are reduced to estimate 

However 
(2.8) 

IKA + Pj)Vj\\L'^([0,l];L^{R2)) « 2^\\{Dt + Pj)Vj\\ L'^(^[o,i].H-^m^)) 

< 2^{\\{Pj - -P)^^jIIloo([o,i]:H-i(R2)) + IK-^t + L-^{[Q,l]-H-i-(R^))} 

< 2^ II Ufe II 2,00 ([0,1] L^(M))- 

The first line is due to the localization of Pj and Vj . Next we note that multiplication 
by a Lipschitz function p is a bounded operator in H^^. Thus we regard P and Pj 
as in divergent form, we can thus bound the first term of the second line as (|2.7p . 
While the second term of the second line is also bounded, thanks again to Coifman- 
Meyer commutator theorem. 
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Combine (12. 5p and (12. 6p . we thus have 
(2.9) 

ll(A + -P)^'jIIl=°([04];L2(k2)) < min{2-'||Mfe||i=o([o_i] l^(m)i l|wfc||L~([04] ffi(M))}- 

Now we are ready to handle the second term in in the right hand side of (|2.4p . 
For j < k, we use 

Therefore the sum of = 1, • • • , fc terms wiU be bounded by 

(2.10) C^(2'^)'/'+1l^fc|lL==([0,l]L^(M)). 

For j > k, we use 

Since s — 1/3 < 0, the sum of j > fc terms is bounded by 

(2.11) {2-''y/^A'uk\\L^i[o,i]HHM)). 

Thus the sum of (|2.10p and (|2.1ip is bounded by || A''ufc||/,ooQo,i];/fi(M)). 
Now let X — 2^ , w\ — Vj, (|2.4p can be written as 

I|wa||l2([0,1];L~(R2)) < A3+^(||wA||L°-([0,l];i^(K^)) +-^"^ll(A + -f')^^lli°°([0a];i2(R2))) 

4 

which is implied by showing for each interval I\ with length a , we all have 

\\w\\\l^(i^;L°-(r^)) < (A)^(||wa||l~(/;,;l2(r2)) + IKA + F)wa||li(/;,;l2(r2))) 

Recall that the operator P here is rough. Thus we regularize the coefficients of 
P by setting 

where 8^^2/3 denotes a truncation of a function to frequencies less than As. Let Px 
be the operator with coefficients g^^ and px- Then 

ll(^ ~ -Pa)^a||l1(/a;L2(R2)) < ||wa||l°=(/^;L2(R2)) 

since we know 

l5r-5'-'l<A-i 

and similarly for p. 

Then we rescale the problem by letting p. — \i and define 

u^{t,x) = wx{X~h,X-ix), Qf, ^ Px{X^^x,D) 

The function ii^(t, ) is localized to frequencies of size p, and the coefficients of 
are localized to frequencies of the size less than pi. This implies the following 
estimates of the coefficients of 

\\d:g'^{X'ix)\\ + \\dyx{X-ix)\\ < a^5-ax(o>|-2)^ 

The time interval Ix scales to p~^. Also note that by our reduction \\g^^ — 
<5*"' ||c2 ^ 1. Thus we have reduced the proof of Theorem II. II to the following 
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Theorem 2.1. Suppose that u{t,x) is localized to frequencies |^| G [^A, 4A] and 
solves 



l<i,j<n l<z<n 

Assume also that the metric satisfies 

supp(a*-'), supp(6*) C i3;^i/2(0). 
Then the following estimate holds 

lkl|L2([o,A-i];L~(R2)) < (logA)2 (||u||^oo([o_A-i];L2(R2)) + ||-F||l1([0,A-i1;L2(r2))) 

3. Wave Packet and Parametrix 

To prove Theorem 12.11 we need some notations for wave packet transform. We 
fix a real, radial Schwartz function 17(0;) G 5(K^), with \\g\\L^ = {2tt)~^, and assume 
its Fourier transform /i(^) = g(^) is supported in the unit ball {|^| < 1}. For A > 1, 
we define Tx : S'{R^) C°°iR*)hy 

(rA/)(x,e) = A^ J e-'^^'^'--^gixHz-x))fiz)dz. 
A simple calculation shows that 

/(y) = A^ J e^^^'y-^^gixHy-x)){nf)ix,Odxdt 
so that T^Tx = I. In particular, 

Let 

Dt + A{x,D)+B{x,D)^Dt+ ^ a'\x)d^,d^^ + ^ b'd,,. 

l<i,j<n l<'i<n 

We conjugate A(x, D) by Tx and take a suitable approximation to the resulting 
operator. Define the following differential operator over (x,^) 

A = —icl^a{x, S,) ■ dx + idxa{x, ' + '^{^i ~ ^ ' d^a{x, ^) 
By the argument from wave packet methods (Lemmas 3.1-3.3 in Smith [19j). we 
have that if f3x is a Littlewood-Paley cutoff truncating to frequencies |^| « A then 

\\TxA{;D)Px{D) - ATxPxmiLi^Ll^ < A 

This yields that, if u{t,x,^) — {Txu{t, •))(a;,^), then u solves the equation 
{dt + d^a{x, i) ■ dx- dxa{x, ■ d^ + ia{x, ^ - i^ ■ d^a{x, 0)u{t, x, ^) = G(t, x, ^) 
where G satisfies 

/ \\Git,X,^)\\L2^^dt < |1u|1l-([0,A-1];L2]) + ||-F|1l1([o,a-1];L2) 



BILINEAR STRICHARTZ ESTIMATES FOR SCHRODINGER OPERATORS 



9 



Given an integral curve 7(r) G ^ of the vector field 
with "f{t) = (x,^), we denote Xs.tix,^) = ixs^t,S.s,t) = 7(s)- Also define 



This allows us to write 





where u is an integrable superposition over r of functions invariant under the flow 
of A, truncated to i > r. 

Since u(t, a;) — T^u{t,x,£_) it thus suffices to obtain estimates 

(3.1) \\PAD)Wtf\\L^^L^ < (logA)^||/L2_^ 
where Wt acts on function f{x,^) by the formula 

(3.2) (m/)(y) = TAe-'^^'^^^^^fixoA-My) 

In order to get the desired estimates by TT* method, we investigate the kernel 
K{t, y, s, x) of WtW* which is 



A 



j e-*<C,x-2>-i/Xx.,t(^,C))+»(Ct,2/-zt>£,(A3(y _ zt,^))5(A3(a;- z))dzdC 



Recall that supp(5) C -Bi(O). We are concerned with $xWtW* (3x, thus we can 
inserted a cutoff <S'a(C) into the integrand which is supported in a set |C| ~ A. Also 
note that the Hamiltonian vector field is independent of time, that is Xt,s — Xt-s,o- 
We denote it by Xt-s,oiz, C) = Xt-s{z, C) — {zt-s,Ct-s)- It then suffices to consider 
s = 0, and the kernel K{t, x, 0, y) as 

A / e-*<C.-^>-''/'(*'-'C)+*<C-^^--'>g(A^ {y - zt,,))g{X^ [x - z))SAC)dzdC 



We will built the estimates (|3.ip by considering the estimate for time variable 
between [0,A^^] and [A^^, A^^] respectively. That is we will prove 

(3.3) \\Px{D)Wtf\\m[0 , A-];L==(E=)) < Wfhl^ 

and 

(3.4) ||/3A(i?)m/|U=([A-=,A-i];Lo=(K^)) < (logA)5||/||^.^ 

The inequahty (|3.3p is easy to prove , note that when t e [0, A^^], it is easy to see 
that 

(3.5) \Kit,xAy)\^X-{X-'^)'-X^ = X\ 
The term (A" 2)2 

came from the size of g and A^ from S\. Then the estimates 
follows from applying Schwartz inequality to time variables. 
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The inequahty ()3.4p comes from estabhshing 
(3.6) \K{t,x,0,y)\<^ 

for t G [A~^,eA^^] with e chosen sufficient smah and independent of A. Then by 
Schwartz inequahty, we get 

The dispersive estimate p.6p we need is actually proved in the section 4 of Blair, 
Smith and Sogge [S]. Hence we conclude Theorem 12. II 

4. Gradient Estimates 

Next we will prove Theorem II .31 Recall that we assume 

'Ia<v^a<2a(/) = / ' ^r<v^A<2r(ff) — 9- 
If A > r, we can prove as following 

||V(e'*^/)e'*'^g||i2([o_i]xAf) ^ l|Ve''*^/||^oo([o4];L2(M))|je'*'^g||L2([o,i]L~(M)) 

< A||e'*^/||ioo([o_i];L2(M))r^||g||L2(M) 

< Ar"||/||L2(M)||5||L2(M), 

where we have used the fact Riesz transform V(— A)^^/^ is bounded on L^{M) 
(see [18]) and then apply Hormander multiple theorem (see ^\) in the second 
inequality. 

If A < r, as the reduction (|2.2p . Let r=|+e, s = 7' — 1. Then we need to 
prove that 

I|V"IIl2([0,1];L°°(M)) ^ l|A*/||ifi(Af) 

is true. Again we write it as 

(4-1) ||Vufe||i2([o_i].Loo(A/)) < \\A''uk\\H^(M) 

for denoting that it's frequency being localized to A = 2*^. By making use of the 
following inequality 

(4-2) l|VUfc|lL2([04];ioo(M)) ^ MWk\\L^{[0,l]-L^{M)) 

and estimate (I2.3P we conclude the result. 

To see (|4.2p is true, we will use an argument concerning finite speed of prop- 
agation of wave equation (see for example [21], [27] ) and the following gradient 
estimate of unit band spectral projection operator. The unit band spectral projec- 
tion operator is defined as 
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Theorem 4.1 ( |27j Theorem 1). Fix a compact Riemannian manifold (M,g) with 
boundary and dimAf = n, for both Dirichlet Laplacian and Neumann Laplacian on 
M , there is a uniform constant C such that 

(4.3) ||Vxa/||l~(m) < CA("+i)/2|1/|U.(m) 

In fact, we are going to use it's dual form , that is 

(4.4) ||xaV/|U.(m) < CA("+i)/2||/|Ui(M) 

Let {/3j}j>o be a Littlewood-Paley partition on M. Since Littlewood -Paley 
operator commutes with Schrodinger operator, estimate (j4.2|) wiU be a consequence 
of 

(4.5) ||V/3fc(i^)/|Uoo(M) < A||/|Uoo(M) 

where 2^ = A and / is spectrahy locahzed to on dyadic interval of order A. However 
we should prove the following dual inequality 

(4.6) ||/3fc(i^)V/|Ui(M)<A||/|U.(M), 
since this implies (|4.5|) . 



Recall that fij{-) — f3{^) , j > I for some (3 G C5^(l/2,4). We may assume it is 
an even function on R, otherwise we only need replace P{t) by P{t) where the even 
function (3{t) = (3{t) for t > 0. Write 

/3(^)V/(x) = / A^(Ai)e'*^V/(a;)dt. 



A 2n 
Note that proving (j4.6|) is equivalent to considering 

Tx{P)f{x)^ I XP{Xt) cos tP\/f{x)dt, 

and proving 

(4.7) \\Tx{P)f\\LHM)<M\f\\LHM) 

Here P = ^/~K and 

costPVfix) = ^costAfc£'fc(V/)(x) ^u{t,x) 

k=l 

is the cosine transform of V/. It is the solution of wave equation 
(d^ - Ag)u = , u(0, •) = V/ , Mt(0, •) = 0. 

In order to prove (14. 7p , we shall use the finite propagation speed for solutions 
to the wave equation. Specifically, if V/ is supported in a geodesic ball B{xq,R) 
centered at xq with radius R, then x — > cosiPV/ vanishes outside of B{xq,2R) 
if < t < i?. 



Let 1 = ?7(t) + J2jLi P(2"-'i) be a Littlewood-Paley partition of R. Write Tx = 
T^ + T{, here 

(4.8) Tl{P)f = [ 7]{Xt)X[3{Xt)costPVfdt 
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and 

(4.9) Tl{P)f ^ [ p{2-^Xt)\(3i\t)coatPVfdt 

We will prove Tx{P) satisfies gj]) by showing T°{P) and J2j>iTi{P) both sat- 
isfy (ITTD . 

Now 

T^{P)f{x)^ [ r]{Xt)Xp{\t) cos tP\/f{x)dt 



ek{y)^f{y)dydt 

IM 



= / T]{\t)xj3{\t) costAfccJa;) / 

{ I f^{\t)\p{\t) Yl coatXkekix)ekiy)dt}Vfiy)dy 
Kl{x,y)f{y)dy 



A<Afc<2A 

IM 

Because the finite propagation speed of the wave equation mentioned before implies 
that the kernel of the operator K'^{x,y) must satisfy 

Kl{x,y) =0 if dist(x,?/) > 8A"\ 

since cos tP will have a kernel that vanishes on this set when t belongs to the 
support of the integral defining K^{x,y). Because of this, in order to prove T° 
satisfies (j4.7p . it suffices to show that for all geodesic balls B\,o with radius 8A~^ 
one has the bound 

(4-10) ||T,°/|L.(5,,„)<A||/|U.(M), 

For the norm over Ba.o- Also we want to use (14.31) . so rewrite 

2A-1 

I l=X 

with each V/; being spectrally localized to unit band. 

By using Cauchy-Schwartz inequality, (|4.4|1 . and orthogonality we find 

II^°-/'ILi(Sa,o) - ^ ll^°'^IL2(M) 

2A . 

(4.11) <CX-'{Y{sup m^)\')\\xi^f\\l(M)V^' 
Similar, 

Tlf{x)^ [ p{2-^Xt)X(3{Xt)costP\7 f{x)dt 
Jr 

(4.12) = / ^ / P(2"'Ai)A;3(At) ^ costXkek{x)ek{y)dt}V f{y)dy 

"^^ A<Afc<2A 

= / Xi(x,y)/(y)d2/ 
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has the property that K{{x,y) = if dist(x,y) > 8 • 2^+^ ■ A"^ Note that the 
dyadic cutoff locaUzes to \t\ « X^^2^ . Hence foUows again (|4.1ip yields the bound 
2-''+iA-Ui/^(At)-^(A3/^)||/||i with iV be a large enough positive integer. Here the 
term 2^+^A^^ comes from the volume of geodesic ball B\ j with radius 8 • 2^+^ • A~^ 
, {Xt)-'^ from value of /3. Thus we have 

l|Til|ii(B.,,)<A2-^-"||/|U.(M) 

which form a geometric series and thus the sum oi j — 1, ■ ■ ■ ,oo terms enjoys the 
property (|i?7)) . 

5. Cubic NLS 

5.1. Cauchy Problem. In the following, we establish the well-posedness of the 
cubic nonlinear Schrodinger equation in 2 dimensional compact manifolds {M, g) 
with boundary. The equations we are interested in is following. 

{idtu + Au — a|wpu, on RxM 
u|t=o = Mo, on M 
u\dM — (Dirichlet), (or) ■ Vu|aM — (Neumann) 

where a = ±1. 

Definition 5.1. Let s be a real number. We shall say that the Cauchy prob- 
lem ()5.ip is uniformly well-posed in H^{M) if, for any bounded subset of H'^{M), 
there exists T > such that the flow map 

Wo G C°°{M) DB^ue C{[-~T,T],H'{M)) 

is uniformly continuous when the source space is endowed with iJ" norm, and when 
the target space is endowed with 

IMc'tH- ^ SUpiti<T\\u{t)\\H-{M} 

Let's state again our local well-posdness results Theorem 11.51 

Theorem 1.5. // (M,g) is a 2 dimensional manifold with boundary, then the 
Cauchy problem for (|5.ip is uniformly well-posed in H^{M) for every s > |. 

5.2. Bourgain Spaces. In order to prove the local well-posedness of cubic non- 
linear Schrodinger equation on manifolds with boundary. We introduce Bourgain 
space X"'^ . Our definition follows from Burq, Gerard and Tzvetkov [12] using the 
spectral projectors on manifolds. 

Let (cfe) be a L^(M) orthonormal basis of eigenfunctions of Dirichlet(or Neu- 
mann) Laplacian — Ag with eigenvalues /^^, be the orthogonal projector along 
ek- The Sobolev space H^{M) is associated to (/— A)^/^, equipped with the norm 

k 



where (/ife) ^{1 + ^1)1. 
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Definition 5.2. The space X"'''(M x M) is the completion of C^iRtlH'^iM)) with 
the norm 

(5.2) ll"llx = .^(RxM) + t^l)''{t^kyEku{T)\\l2^R^.i^2(^M)) 

k 

(5-3) = ||e 

where EkU^r) denote the Fourier transform of EkU with respect to the time variable. 

In fact, if s > and u e 5'(M,L2(M)). Let F{t, •) = e-'^^u{t, •), then F{t, ■) e 

5'(K,L2(M)) and Sfc(F(i,-)) = e'^^'Ekiuit,-)). Hence i?I(F)(r) = i?I^(r-/i')- 
Applies this to (|5.2p , we conclude 

ll"llx = .''(RxM) = W'^ ''^""(^i ■)llHi'(flt;ff=(M))- 

We also note that if 6 > i , H''{R, H''{M)) ^ C{R,H''{M)), since u{t,-) = 
e'*^F{t, •), we have u G C(R, H'{M)). 

In order to use a contraction mapping argument to obtain local existence. We 
need to define local in time version of X*'''(K x M). For T > we denoted by 
X^\M) the space of restrictions of elements of x M) endowed with the 

norm 

IMx^'" = inf{|lw|lx-f(RxAf) , u\(-T,T)xM = u} 

Now we can reformulate the bilinear estimates in the X''''' content. The following 
lemma should refer to the lemma 2.3 of jT^]. 

Lemma 5.3. Let s G M. The following statements are equivalent: 

(1) For any uq , fo G Lp'{M) satisfying 

one has 

(5.4) |le^*^uo e**^t^o||L2((o,i)txM) < C(min(A, /x))" ||Mo||i2(M) ||woIU2(m) 

(2) For any b > ^ and any f,g e X°''^{R x M) satisfying 

one has 

(5-5) ||/5lU2(RxAf) < C'(min(A,^))''||/||xo,i.(RxM)ll5llxo.f(RxM) 

Proof If u(i) = C*^ito then for any tp G C^{M.) and any 6 , ip{t)u{t) G X°'''(Mt x 
M) with 

ll'0u|bo>''(RxM) < C'I|mo||l2(m) 

which shows that (|5.5p implies (|5.4[) . 

Suppose that /(i) and (^(i) are supported in time in the interval (0, 1) and write 
f{t) = e'*^e-**^/(t) = e''*^F(t) , g{t) = e'*^e-'*^5(t) = e"^G(i) 
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Then 

fit) ^ — / e^*^e'*^F(r)dr , g{t) = - / e^*-e^*^G(r)dT 
and hence 

Ignoring the oscillating factors e***^'^+'^\ using (|5.4p and the Cauchy-Schwartz 
inequality in (r, cr) (in this places we use that & > ^ to get the needed integrability) 
yields 

II/3||l2((o,i)xM) < C(niin(A,^))'' / \\F{T)\\L2(^M)\\G{(T)\\L2(M)dTda 

(5.6) < C(min(A,A.))^||(r)^i?(r)||i.(R^,M)ll('T>''G(fT)|U.(R„xAf) 

= C(min(A,^))''||/||j(^o,b(i{xAf)ll5lUo'''(RxAf) 

Finally, by decomposing f{t) = E„ez V'(t - %)f{t) and g{t) = " f 

with a suitable ?/; S C5"(R) supported in (0,1), the general case for f{t) and g{t) 
follows from the considered particular case of f{t) and g{t) supported in time in 
the interval (0, 1). Thus (H^) implies ([S^]) . □ 

A similar proof for the gradient bilinear estimates should refer to Anton [3]. 
Lemma 5.4. Let s G R. The following statements are equivalent: 

(1) For any uq , f o € L'^{M) satisfying 

one has 

(5.7) |l(Ve'*^^.o) e'*^«olU^((oa)*xAf) < CA( mill (A, A'))'* ||uo|| L2(A/) ll'^^oll L2(Af) 

(2) For any b> \ and any f,ge X°^''(M x M) satisfying 

1a<v^<2a/ = / ' ^^^<^^<2^J,9 = 9 

one has 

(5.8) ||(V/)g||L2(RxAf) < CX{n\\n{\,^)y\\f\\xa.h(Ry.M)\\9\\x«.^(VLy.M) 

Denote by S{t) = e**^ the free evolution. Using the Duhamel formula , we know 
that to solve (|5.ip is equivalent to solve the integral equation 

U{t) = S{t)Uii~ia f S{t-T){\u{T)\^u{T)}dT 

Jq 

To deal with it , we need the following lemmas: 
Lemma 5.5. Let b , s > and let uq E H'^{M). Then 

(5.9) \\S{t)uo\\xs^.<T"^-''\\ua\\H^ 
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Lemma 5.6. Let Q < b' < ^ and < b < 1 - b' . Then for all F e X^~'''{M), 



(5.10) 



\\ S{t~r)Fir)dr\\^^.^^^^<T'-'-'^'\\F\ 



X^'-" (M) 



Lemma 5.7. For s > sq, there exists {b,b') e M , satisfying 

(5.11) 0<5'<i<fe, b + b' <1, 

and C > such that for every triple {uj),j — 1, 2, 3 in X'^'''{'R x M) 

3 

(5-12) ll"l"2U3|lx = .-'''(RxAf) < C*!! ""^"^''•''(RxA^)- 

J = l 



Lemma 15.51 is easy to see. 
Proof Let e > and ipeC^iR) , ip = 1 on {-T-e,T + e). Then ||5(<)mo|Ixj.'> < 

\\(p{t)S{t)uo\\x''''' < \\V'{t)uo\\H''{R.H''(M)) < cTi-''\\uo\\H-iM)- 

□ 

The lemma [5761 is due to Bourgain Jjj we also refer to Ginibre [15j for a simpler 
proof. 

The proof of lemma 15.71 will rely on the bilinear estimates (|5.5p and (|5.8p . How- 
ever we will postpone this proof and see how can we proof theorem 11.51 by these 
there lemmas first. 

Proof, (of Theorem ll.5|l To solve NLS equation is equivalent to solve the integral 
equation with Dirichlct (or Neumann) boundary conditions 

u{t) = Sit)ua''ia f S{t - T){\u{T)\^u{T)}dT 
Jo 

We denote by $(u) by the left hand side of the equation. 

Consider {b,b') G given by lemma [57B1 and let i? > and uq £ H'^{M) such 
that ||uo||_f/s < R. We show that there exists i?' > and < T < 1 depending on 
R such that $ is a contracting map from the ball -6(0, R') C X^^{M) onto itself. 

From the linear estimate (15.91) we know that ||S'(t)unll < c||wnllf/s. From 



that ||S'(t)uo||_^.,6(^^) < c\\uq\\h-- 
the definition of X^^ spaces we know that Ti < T2 implies X^^ C X^\ Therefore 
for T < 1, ||5(t)wo|lxj-''(Af) - co||"o||h=- 

Define R' = 2cqR. From estimates (j5.10p , we obtain for T < 1, 

ll*(")llxj-''(Af) <co||wo||//= +ciT^-''-'''\\uuu\\^^,-,'^^j^ 
Combine this with (|5.12p gives 
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Taking T < 1 such that T^->>-b C2R'^ < cqR, we ensure $ : B{0, R') C 
(0, i?') C X^^. In addition $ is a contraction, let ui,U2 E B{Q,R') C X^^, th 



Using the decomposition — |u2pit2 = u1{ui — U2) + ^2(^1 — U2)(wi + M2) 

, ((5?T0)) and ((5?T2| , we get 

By choosing T < 1 sufficient smah , we know $ is a contraction. Thus there 
exists an uniqueness u G X^^{AI) such that <i>(w) = u. Since 6 > | , u G 
C{{-T,T),H'{M)). The flow uq € B{0,R) C i?''(M) ^ u e X^'''(M) is Lips- 
chitz. For if u , v are two solutions with initial data uq , vq, we have as above 

\\u-v\\^^., < c\\uo-vo\\h^^ +C3T'-''-''R'^u-v\\^^.,. 

By choosing T small enough , we have 

||m ~ vW^s^.b < c\\uo - vo\\h' 

□ 



5.3. Nonlinear Analysis. Now we only owe to prove Lemma [5.71 We will use a 
decomposition of the spectrum of functions Uj G X'*'^(R x M). 

The duality argument leads to the following equivalence: u G X*'''(R x AI) , 4^ 
for aU Mo G X°°^°°(R x M) = ns>o,6eRX''^''(M x M) we have 

I < U,MO > I < c\\ua\\x-^.-b(RxM) 

where <, > denote the bracket pairing S' and S. Thus (|5.12p is implied by 

(5.13) 1/ / uoUiU2U3dxdt\ < cY[\\uj\\x-.>'{MxM)\\uo\\x-''.'''m><") 

JrJm -^^ 

holding for all uq G X°°'°°(K x M). We will prove a similar result for spectrally 
localized functions and then sum over all frequencies. 

For j G {0, 1,2,3} and Nj G 2'*'. We denote by Uj^^ = ^^rrEe[Nj,2Nj]^i- Using 
the definition of X''^{m. x M) spaces the following equivalence holds 

(5.14) ll"illjf = ,!>(KxAf) - 51 ll"j^jllx-''(RxM) — X! ^T\\'^3Nj\lxa.b(^y^M)- 

We denote by TV = {No,Ni,N2, N3) the quadruple of 2" numbers, n gN. Also 

3 

HK)= / T\ujN,dxdt 



In order to prove Lemma [5.71 We need the two estimates about /(A) in the 
following lemma. The proof of first estimate is standard by using (|5.5p , while the 
second estimate in this lemma with Dirichlet boundary condition was proved by 
Anton [2] using (|5.8p . The same argument works for either Dirichlet or Neumann 
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condition. For the completeness and benefit of readers to understand how the 
bilinear estimates and gradient bilinear estimates working in nonlinear analysis, we 
include its proof here . 

We also need the fact that 

(5-15) II/I|l4(R,L2(a/)) < ll/ll^o,i(g^^^)- 

This is due to conservation of norm by the linear Schrodinger flow and Sobolev 
embedding i73(R) i'^W, thus 



||/||L4(R,i2(M)) = |le**^/|U4(R^i2(M)) < l|e'*^/ll^i(KxL^(Af)) = "•^llx"-4(RxM)- 

Lemma 5.8. // (|5.4p and (|5.7p hold for s > sq, then for all s' > sq there exists 
0<6'<i,c>0 such that, assuming < N2 < Ni, the following estimates hold: 

3 

(5.16) \I{N)\ < cimNsf n \W,N,\\xoy(M.M) 

N ^ 

(5.17) |/(iV)| < c{-^)^iN2N,y' n \M\xo^^'iM.M) 

Proof. Use Holder inequality, we get 

\I{N_)\ < \\u3N3\\LHL^)\\u2N2\\Li{L^)\\uiNA\LHLl)\\uaNo\\L-i{Ll) 
3 

<c{N2m)^+^Y[\\u,N,\\LHLl) 

(5.18) <c(iV,iV3)i+^^nh,w,l!^o,4(«,,,) 

3=0 

In the second inequality, we use Sobolev embedding 1 1 uat^ 1 1 l=o (m) < 1 1 ^at^ 1 1 l2 ( ) . 

The third inequality came from (|5.15p . 

Use Cauchy inequality and (|5.5p (which is implied by (|5.4p ), we obtain that for 
any &o > ^ there exists cq > such that 

\I{i£)\ < ||MOAfoW2Af2llL2(RxAf)l|Ml7ViU3Af3llL2(ExAf) 
3 

(5.19) <ci(7V27V3)'"nil 

We need further decomposition Uj^. = ^jNjKj for interpolation, where 

UjNjKj = ^Kj<{idt+^)<2KjUjNj and the sum is taken over 2" numbers , for n e N : 
Kj e 2^^. Let us denote I{N, K) ^ J^^j^,j H^^q ^jN.Kj ■ Estimates ((5?T8l) and (jSlQl) 
give 

3 3 

\I{N,K)\ < ciN^Nsfill Kjf H \\UjN,K,\\mRxM) 
J=0 j=0 
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where (a,/?) equals (1 + e,j) or {so,bo). For sq < s < 1 we can choose e > 
, 6o > ^ and < 6i < ^ such that by interpolation we have the same estimates 
for {a, 13) = 

Taking b' e (^i, this reads 

3 

\IiN,K)\<c{N2N,y'l[K';^-'''\\ UjNjKj \\x»y (RxM)- 

3=0 

bumming up over K G (2^)4, by geometric series and using Cauchy Schwartz, we 
obtain 

3 

\im\ < c{N2N3y' i[ II 

which conclude the proof of (|5.16p . 

For the proof of (|5.17|) , we start with Green formula: 

^fg - f^gdx ^ I ^g-f^da 
M JdM ov dv 

If Cfe are eigenfunctions of the Dicichlet(or Neumann) Laplacian associated with 
eigenvalues A^. The uoNq = Y.\^,^No where Ck = (uoJVo,efc). We write 



Define Tuqno = Ea.-ato Cfc(^)^efc and Vuqno = EAfc-Wo Cfc(^)^efe. Then we 
have TVuqn„ — VTuqNo = uoNq and IITuqato ||i/s ~ ||uoAfo||ffs for all s. Use this 
notation uqno — — Tuqno- ^PP^Y it to green formula and using ujn^Iom — 
(or Nx ■ Vu|gM =0), we obtain 



TuaNoA{uiNiU2N2'U'3N3) 

xM 



By Leibniz's law, we have to deal with summation of terms of the forms 

^0 -JRxM 



and 

1 If 

^>/l2(iV) = T72 / rUoAro(VuiA,J(Vu2Af2)"3Ar; 

As we will see soon, they are always the largest terms in each sum. Use AU2N2 
get Jii(iV) = -Nf J^^j^TuoNoVuiNiU2N2U3N3- Thus by (|5.16p and \\ujNj\\h- ~ 
\\Tujn,\\h- ^ \\Vujn,\\h-, we have 

1 ^ 

J^\Jlim\ < Cj;^iN2N3r n hjN.Wxo^i^ X M). 
j=0 
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To estimates Ji2(iV), we note that \\VujNj\\L^(M) ^ (^^j\\'^jNj\\L^(M)- Use the 
same process as in the proof of (|5.16p , then (|5.18p and (|5.19p correspond to 



\Jl2m\ < c{NiN2)iN2N3)'+' n hlN.W^o 

and 



X"'4 (R)xAf 

J=0 



|Jl2(iV)| < c(7ViiV2)(iV2iV3)^° n ll%W.llx0.^o(M)xAf 

In fact, we just got an additional term N1N2 in these new estimates. Therefore 
the interpolation argument leads to 



-^\Ji2m\ < c^iN^N^f f[ ||w,w,|lxo..'(R X M). 
j=0 

Since A^iA^2 < -^1 , we are done. □ 

Now we can use Lemma 15.81 to prove Lemma 15.71 . 
Proof. (Proof of Lemma (|5.7p ) 

Our goal is to prove (|5.12p . Use the same notation as above, we consider I{N_} = 
/rxm ni'=o '"j^j '^^'^^- Without loss of generality, we may assume N3 < N2 < Ni. 

Let I < s' < s. Using (|5.17p in Lemma [Ol and (|5.14p , we have 

N ^ 

I J2 Hm\<C iN2mr'"'{j;^r\\uoNo\\x-^yR>cMl[hjN,\\xsyim^M)- 
No<cNi No<cNi ^ j=l 

Using Cauchy Schwartz inequality and (|5.14p . we have 

I E ^(iV)l<ch2|lx = V(MxAf)ll«3|lx = .'(MxA./) E (^r^lWW). 
Aro<cAfi No<CNi ^ 

where a{NQ) = WuonoWx-'."' (mxM) and /3(iVi) = WuinAIx-."' (MxM)- Thus we have 

No Ni 

Since A^'g , A'*! are both dyadic numbers, we write A''! = 2'iVo and Nq > N{1) = 
max(l, 2~'), where / is an integer, I > —Iq for some S N depending on c. Thus 

E i^yaiNomm) = E E 2-'a(7Vo)/3(2'A^o) 

No<cNi ^ l>-lo No>N(l) 

< E 2-«'(E«(A^o)')^( E /3(2'^of)^ 

l>-lo No No>N{l) 

< c||uo|lx-».*''(RxA/)ll"lllx».f''(RxM) 



BILINEAR STRICHARTZ ESTIMATES FOR SCHRODINGER OPERATORS 



21 



Since ||M||xs.f'' < ll'^^llx^ '' for 6' < b, we conclude that 

I E im\<4uo\\x-^yf[hj\r'- 

No<cNi j=l 

For A^o > cTVi, we use (|5.17p of Lemma [5^51 to get: 

No>cNi No>cNi ° j=l 

This is just an exchange the role of iVo and A^i in the previous argument. Thus we 
obtain again 

I E '^(^)l - '^ll"o||x- = .'''(RxAf)ll'"l|lx = .f''(RxAf)ll^2||x = .f|'(RxJ\/)ll^3||jS(:3,6'(RxM) 
No>cNi 

□ 
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